It was shown [Chin. Phys. Lett. 28, 020503 (2011)] that at zero temperature the ground state of the one-dimensional (1D) w-component Fermi gas coincides with that of the spinless Bose gas in the limit ω → ∞. This behaviour was experimentally evidenced through a quasi-1D tightly trapping ultracold 173 Yb atoms in the recent paper [Nature Physics 10, 198 (2014)]. However, understanding of low temperature behaviour of the Fermi gases with a repulsive interaction acquires spin-charge separated conformal field theories of an effective Tomonaga-Luttinger liquid and an antiferromagnetic SU (w) Heisenberg spin chain. Here we analytically derive universal thermodynamics of 1D strongly repulsive fermionic gases with SU (w) symmetry via the Yang-Yang thermodynamic Bethe ansatz method. The analytical free energy and magnetic properties of the systems at low temperatures in a weak magnetic field are obtained through the Wiener-Hopf method. In particular, the free energy essentially manifests the spin-charge separated conformal field theories for the high symmetry systems with arbitrary repulsive interaction strength. We also find that the sound velocity of the Fermi gases in the large w limit coincides with that for the spinless Bose gas, whereas the spin velocity vanishes quickly as w becomes large. This indicates a strong suppression of the Fermi exclusion statistics by the commutativity feature among the w-component fermions with different spin states in the Tomonaga-Luttinger liquid phase. Moreover, the equations of state and critical behaviour of physical quantities at finite temperatures are analytically derived in terms of the polylogarithm functions in the quantum critical region.
VII. Conclusion 22 acknowledgement 23
References 23
I. INTRODUCTION
Advances in manipulating alkaline-earth atoms provide a promising platform for studying quantum systems with high spin symmetries [1] [2] [3] [4] [5] [6] [7] [8] [9] . The nuclear spin of most alkaline-earth isotopes is either zero or half-odd number, therefore the ultracold gases of these atoms are either single component bosons or multicomponent fermions. The electronic spins decouple from nuclear spins in alkaline-earth atoms that gives SU(w) symmetry with w = 2I + 1 in two-body collisions, here I is the nuclear spin. Through fully controllable interaction and spin states, a variety of high symmetry systems have been realized in the laboratories. For example, 173 Yb and 87 Sr are the alkali earth fermionic atoms which can display high spin symmetries, i.e. 173 Yb atoms have SU(6) symmetry [10, 11] and 87 Sr atoms have SU (10) symmetry [12] . These experimental developments provide exciting opportunities to explore a wide range many-body phenomena such as spin and orbital magnetism [13, 14] , Kondo spin-exchange physics [15, 16] , the synthetic dimension [17] and the one-dimensional (1D)
Tomonaga-Luttinger liquid (TLL) [18] etc.
Ultracold alkaline-atoms have opened many ways to study low-dimensional systems of interacting fermions, bosons and spins, see recent review papers [4, [19] [20] [21] . Large spin systems of cold atoms exhibit rich internal structures which may result in multi-component quantum liquids and diverse critical phenomena [4, 9, [22] [23] [24] [25] . Theoretical progress toward understanding large spin magnetism and quantum liquids was made particular on SO (5) symmetry and SU(w) symmetry in the scenario of alkaline-earth atoms. From the ultracold atom perspective, the integrable model of the SU(w) Fermi gases, which was solved by
Sutherland [26] in 1968, are having high impact, see review [4] . In this regard, some new integrable systems with exotic symmetries such as SO(w) and Sp(w) symmetries have been recently constructed by using the Bethe ansatz (BA) [27, 28] . So far the exact results of 1D integrable quantum systems with large symmetries have provided a better understanding of large spin magnetism, quantum liquids, universal thermodynamics and universal laws [4, 9, 22, 25, [29] [30] [31] [32] .
In regard of the integrability, the renewed interest over the past decade has been paid in the exactly solved models of interacting fermions and bosons. Since the pioneering work in the 60's, 70's and 80's of McGuire, Yang, Lieb, Sutherland, Baxter et al., for example [33] [34] [35] [36] [37] , the understanding of integrable models has greatly extended our knowledge in the theories of many-body physics, condensed matter physics, ultracold atomic physics, quantum phase transitions and critical phenomena. The 1D many-body systems exhibit rich properties some of which might be significantly different from that of the models in higher dimensions. In particular, the hallmark of 1D many-body physics is the spin-charge separation phenomenon [20, [38] [39] [40] [41] [42] which does not exist in higher dimensions. In this scenario, 1D integrable quantum systems, solved by means of the BA method [34] [35] [36] 43] , usually provide a rigorous proof of such unique 1D many-body phenomenon. Affleck [44] and Cardy [45] showed that conformal invariance gives a universal forms for the finite temperature and finite size effects in 1D systems. In this context, Mezincescu et al. [46, 47] derived the finite temperature correction in the free energy of spin chains under a small magnetic field by using the Wiener-Hopf technique, also see [25] . Following these methods, analytical free energies and magnetic properties for the two-and three-component repulsive Fermi gases [48, 49] at low temperatures have been derived from the thermodynamic Bethe ansatz (TBA) equa-tions, [4, 25, 50, 51] . Recently, the quantum transfer matrix method has been adapted to treat thermodynamics of the 1D interacting Bose and Fermi gases [32, 52, 53] . Despite much theoretical study on the 1D Fermi gases in literature, rigorous derivation of such unique 1D many-body phenomenon for these high symmetry systems still has not been achieved.
In this paper, we aim to investigate universal feature of the TLL in the 1D SU(w) symmetry Fermi gases with repulsive interactions by solving the TBA equations. The analytical free energy and magnetic properties of the systems at low temperatures in a weak magnetic field are derived by using the Wiener-Hopf method. At low temperatures, the free energy of the systems shows the spin-charge separated conformal field theories of an effective TLL and an antiferromagnetic SU(w) Heisenberg spin chain, where the central charge in the charge sector C c = 1 and the central charge in the spin sector is C s = w − 1 in this weak magnetic field limit. A general relation between the magnetic field and the spin velocity under pure Zeeman splitting is obtained. We find that the sound velocity of the Fermi gases in the large w limit coincides with that of the spinless Bose gas, whereas the spin velocity vanishes quickly as w becomes large. This nature gives rise to a precise understanding of the experimental observation [18] that at low temperature the w-component Fermi gases display the bosonic spinless liquid for a large value of w. Our finding is consistent with the ground state properties of the high symmetry Fermi gases which were observed in [54, 55] . Furthermore, we study the thermodynamics and quantum criticality of the systems beyond the regime of the Tomonaga-Luttinger liquid phase. Our result reveals the universal behaviour of interacting fermions with high symmetries in 1D.
This paper is organized as follows. In Section II, the BA equations for 1D SU(w) quantum gases are presented. In Section III, the Sommerfeld expansion of TBA equations in weak magnetic field and low temperature regime is carried out. In section IV, using the WienerHopf method, we obtain the low temperature free energy. In section V we discuss the spincharge separation phenomenon. In Section VI, we discuss the TLL and critical behaviour of the strong coupling Fermi gases. Section VII is reserved as our conclusion and discussion.
II. THE MODEL AND THERMODYNAMIC BETHE ANSATZ EQUATIONS
We consider a 1D δ-function interacting w-component fermionic system of N particles with mass m, where the interactions between different components have the same coupling strength g 1D . The Hamiltonian of this system reads [26] 
whereŜ z is the total spin of the z-direction,Ŝ z = w r=1 [−(w + 1)/2 + r)]N r and h is the external magnetic field. Here N r is the particle number in the hyperfine state r. There are w possible hyperfine states |1 , |2 , . . . , |w that the fermions can occupy. For the spin independent interactions, the number of fermions in each spin state is conserved. In the above equation, the interaction coupling constant is given by g 1D = −2 2 /ma 1D , here a 1D is the effective scattering length in 1D [57] . The interaction between fermions in different spin states is repulsive when g 1D > 0 and attractive when g 1D < 0. Following the BA convention,
we also introduce the interaction strength c = mg 1D / 2 . From now on, we shall choose our units such that 2 = 2m = 1 unless we particularly use the units.
The Hamiltonian (1) has the symmetry of U(1) × SU(w) when the magnetic field is absent, where U(1) and SU(w) are the symmetries of the charge and spin degrees of freedom, respectively. Although the Zeeman splitting breaks the SU(w) symmetry,Ŝ z is a conserved quantity. The model can be solved exactly via Bethe ansatz (BA) [26] using the approach proposed by [36, 56] . In the following calculation, we assume that the system is constrained to a line with a length L. The energy is given by
where the pseudo-momenta {k j } are determined by the BA equations,
Here {λ (r) }, r = 1, 2, · · · , w − 1 denote the spin rapidities which are introduced to describe the motion of spin waves. The particle number N r in each spin state links to the quantum number M α via the relation N r = M r − M r−1 and M 0 = 0. In this paper, we will consider the repulsive interaction, i.e. c > 0. There is no charged bound state for the repulsive interaction, and the pseudo-momenta {k j } are hence real. At the thermodynamic limit, i.e.
N, L → ∞ and n = N/L is finite. Each branch of spin rapidities {λ (r) } has complex roots
at the thermodynamic limit. For given r, q and j, rapidities with different z share the same
q,j , which are called q-string in the spin branch r. Here the number q is the length of the string, and j = 1, 2, · · · , M (r) q label the different real parts of the q-strings, where
is the number of the q-strings with
q . In order to carry out our calculation, we first recall some basis notations for the TBA equations. At the thermodynamic limit, the particle densities {ρ}, hole densities {ρ h } are introduced to describe the equation of the state of system and the dressed energies ε are defined as ε = T ln(ρ h /ρ). Following Yang-Yang's grand canonical method [50] the TBA equations for the model (1) are given by [4, 25, 51, 58] 
Where ε c (k) and ε r,n (k) are the dressed energies for the charge sector and for the branch r in the spin sector, respectively and ε ± = T ln(1 + e ±ε/T ). As a convention used in the TBA equations, n labels the length of the strings and we denote * as the convolution integral, i.e.
a(x − y)f (y)dy and the integral kernels are given by
Using the Fourier transformation, we may rewrite the above TBA equations (5) into the following recursive form
where ε r,0
w,m ± = 0 when m > 1 and ε w,1 = ε c and the integral kernels are
The boundary condition of these recursive equations is
The TBA equations (5) 
III. LOW TEMPERATURE AND WEAK MAGNETIC FIELD REGIME
For the ground state, i.e. T = 0, all spin rapidities are real, thus we can denote ε r,1 = ε r for our convenience. At finite temperatures, the string solutions (complex solutions) emerge in each spin branches. Analyzing the TBA equations (5) or (7), very small numbers of strings involve in the low temperature thermodynamics. The presence of these strings make the nonlinear TBA equations very hard to be solved analytically. However, when the temperature is much smaller than magnetic field, T ≪ h, the TBA equations of dressed energies can be simplified as
up to ignorance of higher length strings, see the method used in [48, 49] . For the ground state, ε r (±∞) ≥ 0 and ε r (0) < 0, which means ε r (k) has two zero points ±Q r in the spin rapidity space of the r-branch, i.e. two Fermi like points in the spin rapidity space. For zero external magnetic field, the zero point Q r → ∞. For a weak magnetic field h, Q r is very large. If the magnetic field h is very small, i.e. hc ≪ p, we can use the Wiener-Hopf method to solve the second equation of (11) in spin sectors. Here the pressure is defined by
Before further going on, we define some convolution operators:
T ≪ |ε(0)|, we can apply Sommerfeld expansion technique to eq. (11) with the temperature T → 0. We consider the leading order
The equations dressed energies are thus given by
When the magnetic field is very small, the zero point Q r will be so large such that the quantity z = e −Qrπ/c ≪ 1. Up to the first order of z, we get the following asymptotic forms:
whereÎ is the convention operator of kernel δ(x − x ′ ). Submit these results into eq. (13),
we have
In the second equation of (15), we may take the following approximations
We define functions y ± as
where θ(k) is the step function, θ(k) = 1 when k > 0 and θ(k) = 0 when k < 0. Submitting the function y r ± into the equation of ε r , we obtain the Wiener-Hopf type equation
where y r + (k) relates to the dressed energy ε r (k + Q r ) for k > 0. Whereas y r − (k) is just a continuation of y r + (k) via eq. (17) . Up to the first order of z, the g r function is
We will solve the eq. (17) to get y r + (k) with the help of the Wiener-Hopf method next section.
For charge sector, the equation (13) can be rewritten as
Substituting the function y r + (k) into the eq. (20), we further obtain
whereỹ(ω) is defined by the Fourier transform
IV. WIENER-HOPF SOLUTION
By using the Wiener-Hopf method we will solve the eq. (17) 
If the functions y r ± (±k) in eq. (17) are analytic and bounded for k > 0,ỹ ± (ω) are analytic in the upper/lower half plane with the conditionỹ ± (∞) = 0.
In the framework of Wiener-Hopf method, the integral kernels (1−R) −1 must be factorized into two functions which are analytic in upper/lower half plane. However, the Eq. (23) is difficult to solve for the case that R is a matrix. The R can be diagonalized by using the transformation matrix
where U is a unitary matrix, UU = 1,
Making the following transformation,
we then obtain the diagonalized Wiener-Hopf equation
As usual [48, 49] , the term (1 −R r ) −1 can be decomposed into two parts,K 
Here, termȳ We assume thatK r −ḡ r can be further decomposed into two parts Then the factorization of (1 −R r ) −1 is given bȳ
The functionsK r ± is analytic and nonzero in the upper/lower half-plane. The condition K r ± (∞) = 1 can be seen from the asymptotic form ofK r + for a large ω:
where α 0 = −1/3 + r(1 − r/2w)/w. In the lower/upper half plane, the poles ofK ± are at ∓ω m where ω m = 2mπi/wc, m = 1, 2, · · · .
From the functionsK r − given in eq. (32) and g r (k) given in eq. (18), we may decomposē K r −ḡ r . Following [48] , then theΦ r + is given bȳ
Whereh r = h r ′ U rr ′ , ǫ is a infinitely small value and ǫ > 0. By using the exact form of Φ r + , the functionȳ r + is given bȳ
It is obviously thatȳ 
where |ω| ≫ 1 and
The value y + (∞) is determined from y 
When hc ≪ p, we have
Then we obtain the low temperature dressed energy ε
Using these equations, we will calculate the exact result of low temperature behaviour for the 1D repulsive Fermi gases with a weak magnetic field. 
where the corresponding dressed energy is denoted as ε 
We also can calculate the pressure via p = p 0 −Î • ∆ε c /2π + ξ c /π. Using eqs. (41) and (42), we have
where
are the pseudo Fermi velocities in the spin and charge sectors, respectively. We would like to addressed that the result eq. (43)- (45) (46) is independent of the spin rapidity index 'r'. In fact, this property holds for unequal spacing weak Zeeman splittings.
For a weak magnetic field, the density of magnetization and susceptibility are directly reached from eq. (43)
The magnetization linearly responds to the weak external magnetic field with a finite susceptibility. The susceptibility solely depends on the pseudo spin velocity that presents a universal feature of spin fluctuations. It is obvious to see that
This provide a universal relation between the multicomponent spin velocity and magnetic susceptibility. This relation is important to be confirmed in experiment with ultracold fermionic atoms [18] . We observed from the FIG. 2 (a) that spin velocity decreases quickly as we increase the number of components. This means that any spin flipping process involves all spin states. In this sense, the spin transportation is strongly suppressed for a large number of spin states. From FIG. 2 (a) , we also observe that for the large spin system the pseudo charge velocities turns to the pseudo charged velocity of spinless bosonic gas. This nature agrees with the experimental observation [18] that the repulsive fermionic gases with SU(w) symmetry exhibit the bosonic spinless liquid for a large value of w at T = 0 and h = 0.
From eq. (43), the density of entropy and the specific heat the susceptibility and the specific heat divided by the temperature T ,
measures ratio between the magnetic fluctuation and the thermal fluctuation [59] [60] [61] . We plot the Wilson ratio against interaction strength for the TLL phase in FIG. 2 (b) . This dimensionless ratio displaying plateaus of height w(w + 1)/3 in the large w limit, hence it captures the spin degeneracy [22] .
B. Universality of spin charge separation in quantum gases
As being discussed in the last section, spin charge separation is one of the most important features of the TLL. Since the TLL behavior is the typical nature of 1D quantum gases at low temperatures, the spin-charge separation may exist not only in the weak magnetic field regime but also in a high magnetic field. This fact is in general true for the integrable quantum gases, for example SU(w), Sp(w), SO(w) symmetry quantum gases and other models. For the 1D integrable quantum Fermi gases with different high symmetries than the SU(w), for example, the SO(4) Fermi gas [63] , the low energy spin excitations can be spinon excitations. In general, their TBA equations can be written as
Where τ α is the single particle dispersion coefficients. The integral kernels satisfy K 
where µ is the chemical potential. From eq. (52) and (53), we can find that
Up to the order of T 2 , the pressure is expanded as
The specific heat at low temperatures is given by
where the sum is carried out over all the velocities for the charge sector and spin-wave velocities in the spin sector. The central charge for each branch of the spin degrees of freedom is C r = 1. Here the discussion does not depend on the condition that the magnetic field is weak or strong.
VI. EQUATION OF STATE FOR A STRONG REPULSION
In fact the TBA equation of dressed energy eq. (7) or (39) can be written as
where the function f (k) is the contributions from spin strings. Here the argument is general true for interacting fermions with high symmetries. When h ≫ T , the contribution from high spin strings is very small and thus
can be analytically calculated for TLL regime, also see the attractive case [29] .
When the external field is very weak, i.e., h ≪ T , we can find that all the high strings contribute to the pressure, i.e. f (k) ≈ f h≪T = −T sinh(wh/2T )/ sinh(h/2T ) for quantum criticality regime. At the strong coupling limit, we expand the following functions which are used in eq. (39)
Here ζ(x) is the Riemann ζ function. Then the TBA equation is expanded as
In the above equations we calculated − k 2n T ln 1 + e
τ 3/2 F 3/2 (A/T ). In the above equation, f T = f h≫T for the TLL phase whereas, f T = f h≪T for the quantum critical regime. Finally, we obtain the approximation result of the equation of state
This serves as the equation of state which describes the exact low temperature thermodynamics of the system for the TLL and quantum critical regime, i.e. for the regions h ≪ T and h ≫ T , respectively.
In the limit h ≫ T , we find that the Fermi-Dirac integral of eq. (60) describes the low temperature behavior of the TLL. In the strong coupling limit, the charge and spin velocities are given by
respectively. Where
. The susceptibility and the specific heat are
The Wilson ratio R s w at the strong coupling limit can be expanded as
see FIG. 2 (b) . However, for weak coupling limit c → 0, we can find that
The compressibility κ * , susceptibility χ and specific heat c L are divergent at the critical 
It is clear that the the universal scaling function of the pressure is the Fermi-Dirac integral where F a = F a (A/T ) is the Fermi-Dirac integral.
VII. CONCLUSION
We have studied the universal low temperature behaviour of the 1D interacting fermions with SU(w) symmetry via the TBA method. We have developed an analytical method to obtain the pressure in terms of charge and spin velocities for the system with arbitrary interaction strength, see (43)- (49) and (54) . The low temperature behaviour of these gases which we have obtained shows a universal spin-charge separated conformal field theories of an effective Tomonaga-Luttinger liquid and an antiferromagnetic SU(w) Heisenberg spin chain. We have found that the sound velocity of the Fermi gases in the large w limit coincides with that for the spinless Bose gas, whereas the spin velocity vanishes quickly as w becomes large, see (62) . In particular, magnetic properties and the dimensionless Wilson ratio for the high symmetry repulsive Fermi gas have been derived analytically, see for example, (47)- (50) . Furthermore, we have studied the thermodynamics and quantum criticality of the systems beyond the regime of the Tomonaga-Luttinger liquid phase in the last section. These result provides a rigorous understanding of universal low energy physics of high symmetry interacting fermions in 1D and sheds light on the experimental study of the 1D multicomponent Fermi gas [18] . Moreover, our result will be applicable to the strongly interacting quantum Fermi gases confined in an harmonic potential via the local density approximation. These strongly interacting systems recently have been received much attention from theory and experiment, for example, [64] [65] [66] [67] [68] [69] [70] . 
